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Abstrat
In this paper, we introdue and study a nonommutative extension of
the Gross Laplaian, alled quantum Gross Laplaian. Then, applying
the quantum Gross Laplaian to the partiular ase where the operator
is the multipliation operator, we nd a relation between lassial and
quantum Gross Laplaian. As appliation, we give expliit solution of
linear quantum white noise dierential equation. In partiular, we give a
expliit solution of the quantum Gross heat equation.
Keywords and phrases. Spae of entire funtions with growth ondition,
quantum Gross Laplaian, symbols of operators, onvolution operators, quan-
tum Gross heat equations.
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s Subjet Classi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1 Introdution
The Gross Laplaian ∆G was introdued by L. Gross in [6℄ in order to study
dierential equations in innite dimensional spaes. It has been shown that the
solution of the Cauhy problem
∂
∂t
U(t) =
1
2
∆GU(t), U(0) = ϕ (1.1)
is represented as an integral with respet to Gaussian measure, see [6℄ and [15℄.
There exists many literature dediated to the Gross Laplaian with dierent
points of view. We would like to mention the white noise analysis approah,
see [2, 7, 8, 10℄ and referenes therein. In [4℄ and [1℄, using the fat that the
Gross Laplaian is a onvolution operator, the authors applied Laplae trans-
form tehniques to solve the Cauhy problem (1.1). Moreover, for a smooth
initial ondition the solution is represented as an integral with respet to a
Gaussian measure.
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The main purposes of this work are the following: one is to dene and study
the generalized Gross Laplaian ating on operators denoted ∆QG. Another one
is to solve linear quantum stohasti dierential equations. In partiular, we
give expliit solutions of the quantum Gross heat equations.
The paper is organized as follows. In setion 2, we review from [9℄ basi
onepts, denitions and results essential to know the spae of test and general-
ized funtions denoted respetively F(θ1,θ2)(N ′1×N ′2) and F∗(θ1,θ2)(N ′1×N ′2). In
setion 3, we introdue and dene the generalized Gross Laplaian ∆G on the
spae of entire funtions with exponential growth of nite type in two innite
dimensional variables. Then, we prove in Theorem 3.2, that the Gross Laplaian
is a onvolution operator on the test funtions spae F(θ1,θ2)(N ′1 × N ′2), i. e.,
there exists a distribution T ∈ F∗(θ1,θ2)(N ′1 ×N ′2), suh that
∆Gϕ = T ∗ ϕ, ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2). (1.2)
The relation (1.2) permit to us to extend in natural way the Gross Laplaian
applied to the distributions spaes F∗(θ1,θ2)(N ′1 ×N ′2) as follows
∆GΦ = T ∗ Φ, Φ ∈ F∗(θ1,θ2)(N ′1 ×N ′2). (1.3)
Using the Shwartz-Grothendiek Kernel Theorem and the denition (1.3), we
introdue and study, in setion 4, the nonommutative extension of Gross Lapla-
ian, denoted by ∆QG, ating on L(F(θ1,θ2)(N ′1×N ′2),F∗(θ1,θ2)(N ′1×N ′2)) the spae
of ontinuous linear operators from F(θ1,θ2)(N ′1 × N ′2) into F∗(θ1,θ2)(N ′1 × N ′2).
Then, we establish an analyti haraterization of the quantum Gross Laplaian
(see Proposition 3.3), i. e., for all Ξ ∈ L(F(θ1,θ2)(N ′1 ×N ′2),F∗(θ1,θ2)(N ′1 ×N ′2)),
we have
σ(Ξ)(ξ1, ξ2) = (〈ξ1, ξ1〉1 + 〈ξ2, ξ2〉2)σ(Ξ)(ξ1 , ξ2), (ξ1, ξ2) ∈ N1 ×N2, (1.4)
where σ(Ξ) denoted the symbol of the operator Ξ. In setion 5, we study
the ation of the quantum Gross Laplaian to the multipliation operator MΦ
dened in (5.1) where Φ ∈ F∗(θ1,θ2)(N ′1 ×N ′2), and we prove that:(
∆QGMΦ
)
e0 = ∆GΦ, (1.5)
where e0 is the vauum vetor. Therefore, the equality (1.5) establish a rela-
tion between the lassial and quantum Gross Laplaian. In setion 6, we give
in Theorem 6.2, the solution of the following quantum stohasti dierential
equation
(E)
{
dΞ(t)
dt
= Z(t) ∗ Ξ(t) + Θ(t),
Ξ(0) = Ξ0,
(1.6)
where t 7→ Z(t) and t 7→ Θ(t) are ontinuous operator valued proess dened
on an interval ontaining the origin I ⊂ R, i. e.,
Z : t ∈ I → Z(t) ∈ L(Fθ1(N ′1),F∗θ2(N ′2)),
Θ : t ∈ I → Θ(t) ∈ L(Fθ1(N ′1),F∗θ2(N ′2))
and the initial ondition Ξ0 ∈ L(Fθ1(N ′1),F∗θ2(N ′2)). As an appliation of The-
orem 6.2, we give expliit solutions of the heat equation assoiated with the
quantum Gross Laplaian.
2
2 Preliminaries
For i = 1, 2, let Ni be a omplex nulear Fréhet spae whose topology is dened
by a family of inreasing Hilbertian norms {|.|i,p, p ∈ N}. For p ∈ N, we denote
by (Ni)p the ompletion of Ni with respet to the norm |.|i,p and by (Ni)i,−p
respetively N ′i the strong dual spae of (N)p and N . Then, we obtain
Ni = proj lim
p→∞
(Ni)p and N
′
i = ind lim
p→∞
(Ni)−p . (2.1)
The spaes Ni and N
′
i are respetively equipped with the projetive and indu-
tive limit topology. For all p ∈ N, we denote by |.|i,−p the norm on (Ni)−p and
by 〈., .〉i the C-bilinear form on N ′i ×Ni.
In the following, H denote the diret Hilbertian sum of (N1)0 and (N2)0, i.
e., H = (N1)0 ⊕ (N2)0.
For n ∈ N, we denote by N b⊗ni the n−fold symmetri tensor produt on Ni
equipped with the pi−topology and by (Ni)b⊗np the n−fold symmetri Hilbertian
tensor produt on (Ni)p. We will preserve the notation |.|i,p and |.|i,−p for the
norms on (Ni)
b⊗n
p and (Ni)
b⊗n
−p , respetively.
Let θ be a Young funtion, i. e., it is a ontinuous, onvex and inreas-
ing funtion dened on R+ and satises the two onditions: θ(0) = 0 and
lim
x→+∞
θ(x)
x
= +∞. Obviously, the onjugate funtion θ∗ of θ dened by
∀x ≥ 0, θ∗(x) := sup
t≥0
(tx− θ(t)), (2.2)
is also a Young funtion. For every n ∈ N, let
θn = inf
r>0
eθ(r)
rn
. (2.3)
2.1 Spaes of entire funtions with growth ondition
Throughout the paper, we x a pair of Young funtions (θ1, θ2). For all pair
of positive numbers a1, a2 > 0 and pair of integers (p, q) ∈ N × N, we dene
the spae of all entire funtions on (N1)−p × (N2)−q with (θ1, θ2)−exponential
growth by
Exp((N1)−p×(N2)−q , (θ1, θ2), (a1, a2)) = {f ∈ H(N1×N2); ‖f‖(θ1,θ2),(a1,a2) <∞},
where H(N1 ×N2) is the spae of all entire funtions on N1 ×N2 and
‖f‖(θ1,θ2),(a1,a2) = sup{|f(z1, z2)|e−θ1(a1|z1|−p)−θ2(a2|z2|−q), (z1, z2) ∈ (N1)−p×(N2)−q}.
So, the spae of all entire funtions on (N1)−p×(N2)−q with (θ1, θ2)−exponential
growth of minimal type is naturally dened by
F(θ1,θ2)(N ′1 ×N ′2) = proj lim
p,q→∞
a1,a2↓0
Exp((N1)−p × (N2)−q , (θ1, θ2), (a1, a2)). (2.4)
Similarly, the spae of entire funtions on N1 × N2 with (θ1, θ2)−exponential
growth of nite type is dened by
G(θ1,θ2)(N1 ×N2) = ind limp,q→∞
a1,a2→0
Exp((N1)p × (N2)q , (θ1, θ2), (a1, a2)). (2.5)
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By denition, ϕ ∈ F(θ1,θ2)(N ′1 × N ′2) and Ψ ∈ G(θ1,θ2)(N1 × N2) admit the
Taylor expansions:
ϕ(x, y) =
∑
n,m∈N
〈x⊗n ⊗ y⊗m, ϕn,m〉, (x, y) ∈ N ′1 ×N ′2, (2.6)
and
Ψ(ξ, η) =
∑
n,m∈N
〈Ψn,m, ξ⊗n ⊗ η⊗m〉, (ξ, η) ∈ N1 ×N2, (2.7)
where for all n,m ∈ N, we have ϕn,m ∈ N ⊗ˆn1 ⊗N ⊗ˆm2 , Ψn,m ∈
(
N ⊗ˆn1
)′
⊗
(
N ⊗ˆm2
)′
and we used the ommon symbol 〈 . , . 〉 for the anonial C−bilinear form on(
N⊗n1 ×N⊗m2
)′ × N⊗n1 × N⊗m2 . So, we identify in the next all test funtion
ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2) (resp. all generalized funtion Ψ ∈ G(θ1,θ2)(N1 ×N2)) by
their oeients of its Taylor series expansion at the origin (ϕn,m)n,m∈N (resp.
(Ψn,m)n,m∈N).
Denote by F∗(θ1,θ2)(N ′1×N ′2) the topologial dual of F(θ1,θ2)(N ′1×N ′2), alled
the spae of distributions on N ′1 ×N ′2.
For a xed (ξ, η) ∈ N1 ×N2, the exponential funtion e(ξ,η) ∈ F(θ1,θ2)(N ′1 ×
N ′2) is dened by
e(ξ,η)(z, t) = exp{〈z, ξ〉1 + 〈t, η〉2}, (z, t) ∈ N ′1 ×N ′2.
Then for every Φ ∈ F∗(θ1,θ2)(N ′1 ×N ′2), the Laplae transform L of Φ is dened
by
LΦ(ξ, η) = Φ̂(ξ, η) = 〈〈Φ, e(ξ,η)〉〉. (2.8)
Theorem 2.1 [9℄ For i = 1, 2, let Ni be omplex nulear Fréhet spae and θi
a Young funtion. Then, the Laplae transform L is a topologial isomorphism:
L : F∗(θ1,θ2)(N ′1 ×N ′2)→ G(θ1,θ2)(N1 ×N2). (2.9)
Remark 2.1 In the partiular ase where θ1 = θ2 = θ, N1 = N and N2 = {0}.
We obtain the following identiation have
F(θ,θ)(N ′ × {0}) = Fθ(N ′)
and therefore
F∗(θ,θ)(N ′ × {0}) = F∗θ (N ′).
So the spae F(θ1,θ2)(N ′×N ′2) an be onsidered as a generalization of the spae
Fθ(N ′) studied in [5℄.
2.2 Convolution operators
Let (z, t) ∈ N ′1×N ′2, the translation operator denoted τ(z,t) is a linear ontinuous
operator τ(z,t) from F(θ1,θ2)(N ′1 ×N ′2) into itself is dened by
τ(z,t)ϕ(x, y) = ϕ(x+ z, y + t), (x, y) ∈ N ′1 ×N ′2. (2.10)
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The onvolution produt of the distribution Φ ∈ F∗(θ1,θ2)(N ′1 × N ′2) with a
test funtion ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2) is dened as follows
Φ ∗ ϕ(z, t) = 〈〈Φ, τ(z,t)ϕ〉〉, (z, t) ∈ N ′1 ×N ′2. (2.11)
Hene, the onvolution produt of two distribution Ψ1,Ψ2 ∈ F∗(θ1,θ2)(N ′1 ×
N ′2) is given by
Ψ̂1 ∗Ψ2 = Ψ̂1Ψ̂2, Ψ1,Ψ2 ∈ F∗(θ1,θ2)(N ′1 ×N ′2). (2.12)
So, by formula (2.12), the onvolution produt of distribution is ommutative
and assoiative.
We denote by L(Fθ1(N ′1),F∗θ2(N ′2)) the spae of ontinuous linear operators
from Fθ1(N ′1) into F∗θ2(N ′2) endowed with the bounded onvergene topology.
A onvolution operator on the test spae F(θ1,θ2)(N ′1 × N ′2) is dened as a
ontinuous linear operator from F(θ1,θ2)(N ′1 × N ′2) into itself whih ommutes
with translation operators. Then, T is a onvolution operator on F(θ1,θ2)(N ′1 ×
N ′2) if and only if there exists a distribution ΦT ∈ F∗(θ1,θ2)(N ′1 ×N ′2) suh that
T (ϕ) = TΦ(ϕ) = ΦT ∗ ϕ, ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2).
Note that the onvolution produt of two distributions Ψ1,Ψ2 ∈ F∗(θ1,θ2)(N ′1 ×
N ′2) is also given by
〈〈Ψ1 ∗Ψ2, ϕ〉〉 = 〈〈Ψ1,Ψ2 ∗ ϕ〉〉, ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2).
It follows that the notion of onvolution operator TΦ an be extended to the
distribution spae F∗(θ1,θ2)(N ′1 ×N ′2) as follows: T is a onvolution operator on
F∗(θ1,θ2)(N ′1 ×N ′2) if and only if there exist ΦT ∈ F∗(θ1,θ2)(N ′1 ×N ′2) suh that
T(Ψ) = TΦ(Ψ) = ΦT ∗Ψ, Ψ ∈ F∗(θ1,θ2)(N ′1 ×N ′2).
We remark that this extension of onvolution operator T oinide with the
adjoint of TΦ denoted T
∗
Φ. In fat, for all Ψ ∈ F∗(θ1,θ2)(N ′1 × N ′2) and ϕ ∈
F(θ1,θ2)(N ′1 ×N ′2), we have:
〈〈T ∗ΦΨ, ϕ〉〉 =: 〈〈Ψ, TΦϕ〉〉
= 〈〈Ψ,Φ ∗ ϕ〉〉
= 〈〈TΦΨ, ϕ〉〉.
Let i = 1, 2. Reall now the notion of the right ontration of order k ∈ N:
For n,m ∈ N− {0} and 0 ≤ k ≤ m ∧ n, we denote by 〈 ., .〉i,(k) the bilinear
map from N ′⊗ˆmi ×N ⊗ˆni into N ′⊗ˆm−ki ⊗̂N ⊗ˆn−ki dened by
〈x⊗m, y⊗n〉i,(k) := 〈x, y〉ki x⊗(m−k) ⊗ y⊗(n−k), x ∈ N ′i , y ∈ Ni.
The bilinear map 〈 ., .〉i,(k) is ontinuous. Then using the density of the vetor
spae generated by {x⊗m, x ∈ N ′i} in N ′⊗ˆmi and the vetor spae generated
by {y⊗n, y ∈ Ni} in N ⊗ˆni , we an extend 〈 ., .〉i,(k) to N ′⊗ˆmi × N ⊗ˆni . For all
Φn ∈ N ′⊗ˆmi and ϕn ∈ N ⊗ˆni , 〈Φn, ϕn〉i,(k) is alled the right ontration of Φn
and ϕn of order k.
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It follows that for (ϕ1, ϕ2) ∈ N b⊗(n+i)1 ×N
b⊗(m+j)
2 and (ψ1, ψ2) ∈ N
b⊗(n+k)
1 ×
N
b⊗(m+l)
2 , we dene the following generalized ontration as follows:
〈ϕ1 ⊗ ϕ2, ψ1 ⊗ ψ2〉n,m = 〈ϕ1, ψ1〉1,(n)〈ϕ2, ψ2〉2,(m).
So, for i = 1, 2, Φi ∈ (N ′i)b⊗(pi+mi), ϕi ∈ N
b⊗(pi+ni)
i and ψi ∈ N
b⊗(mi+ni)
i , it
holds:
〈〈Φ1 ⊗ Φ2, ϕ1 ⊗ ϕ2〉p1,p2 , ψ1 ⊗ ψ2〉 = 〈Φ1 ⊗ Φ2, 〈ϕ1 ⊗ ϕ2, ψ1 ⊗ ψ2〉n1,n2〉.
By an easy alulation like in [3℄ , we obtain the following lemma.
Lemma 2.2 For all test funtion ϕ = (ϕn,m)n,m∈N ∈ F(θ1,θ2)(N ′1 × N ′2) and
generalized funtion Φ = (Φn,m)n,m∈N ∈ F∗(θ1,θ2)(N ′1 ×N ′2), we have
Φ ∗ ϕ(x, y)
=
∑
k,l∈N
(n+ k)!
k!
(m+ l)!
l!
〈
x⊗k ⊗ y⊗l, 〈
∑
n,m∈N
Φn,m, ϕn+k,m+l〉n,m
〉
, (2.13)
for all (x, y) ∈ N ′1 ×N ′2.
3 Generalized Gross Laplaian
Let F ∈ C2(N). Then for eah ξ ∈ N there exist F ′(ξ) ∈ N ′ and F ′′(ξ) ∈
(N ⊗N)′ suh that
F (ξ + η) = F (ξ) + 〈F ′(ξ), η〉+ 1
2
〈F ′′(ξ), η ⊗ η〉+ o(|η|2p), η ∈ N, (3.1)
for some p ∈ N. Moreover, both maps ξ 7→ F ′(ξ) ∈ N ′ and ξ 7→ F ′′(ξ) ∈ (N ⊗
N)′ are ontinuous. For notation simpliity, taking into aount the anonial
isomorphism (N ⊗ N)′ ≃ L(N,N ′), whih follows from the kernel theorem for
a nulear spae, we write 〈F ′′(ξ), η ⊗ η〉 = 〈F ′′(ξ)η, η〉 = F ′′(ξ)(η, η).
Let τ be the trae operator dened on N⊗2 by the formula
〈τ, ξ ⊗ η〉 = 〈ξ, η〉, ∀ξ, η ∈ N. (3.2)
Using the denition of the Gross Laplaian ∆G given in [6℄, the authors
studied in [3℄, the ation of ∆G on Fθ(N ′). Then, they prove that ∆G is in fat
a onvolution operator i. e., for all ϕ ∈ Fθ(N ′), we have
∆Gϕ(x) := traceHD
2ϕ(x)
=
∑
n∈N
(n+ 2)(n+ 1)〈x⊗n , 〈τ, ϕn+2〉〉 (3.3)
= T ∗ ϕ(x), x ∈ N ′, (3.4)
where the Taylor expansion of the distribution T is given by
Tn =
{
0, n 6= 2
τ, n = 2.
(3.5)
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Then in the paper [1℄ , the authors extended the ation of the Gross Laplaian
on the test funtion spae given in (3.4) to the distribution spae as follows
∆GΦ = T ∗ Φ, Φ ∈ F∗θ (N ′). (3.6)
In this setion, we dene rst the ation of the Gross Laplaian on the test
funtion spae of two innite dimensional variables F(θ1,θ2)(N ′1 ×N ′2).
For i = 1, 2, let {eij}j∈N be a omplete orthonormal basis of (Ni)0 suh that
eij ∈ Ni. In all the remainder of this part, we denote by τi the trae operator
on N⊗2i dened in (3.2).
Lemma 3.1 [12℄ For all i = 1, 2 and wi ∈ N⊗2i , it holds that
〈τi, wi〉i =
∑
n∈N
〈(ein)⊗
2
, wi〉i.
We reall that all funtion in two variables (ξ1, ξ2) ∈ N1×N2 is identied in an
obvious manner with a single-variable funtion on the diret sum N = N1⊕N2,
whih is again a ountably Hilbert nulear spae. Then, for F ∈ C2(N), (3.1)
is written, for some p, q ∈ N, in the following form:
F (ξ1 + η1, ξ2 + η2) = F (ξ1, ξ2) +
2∑
i=1
〈F ′i (ξ1, ξ2), ηi〉+
1
2
2∑
i,j=1
〈F ′′i,j(ξ1, ξ2)ηi, ηj〉
+ o(|η1|2p + |η2|2q), (3.7)
where F ′i (ξ1, ξ2) ∈ N ′i , F ′′i,j(ξ1, ξ2) ∈ L(Ni, N ′j) for i, j = 1, 2 and the error term
satises
lim
t→0
o(t(|η1|2p + |η2|2q))
t2
= 0.
For i = 1, 2, identifying (Ni)0 with a subspae of H = (N1)0 ⊕ (N2)0 in the
anonial manner, we write e1n and e
2
n for e
1
n⊕ 0 and 0⊕ e2n, respetively, for all
n ∈ N.
Theorem 3.2 For any test funtion ϕ(x, y) =
∑
n,m∈N
〈x⊗n ⊗ y⊗m, ϕn,m〉 in
F(θ1,θ2)(N ′1 ×N ′2), the Gross Laplaian is given by:
∆Gϕ(x, y) := traceHD
2ϕ(x, y)
=
∑
n,m∈N
〈x⊗n ⊗ y⊗m , 〈(n+ 2)(n+ 1)τ1, ϕn+2,m〉〉
+
∑
n,m∈N
〈x⊗n ⊗ y⊗m , 〈(m+ 2)(m+ 1)τ2, ϕn,m+2〉〉. (3.8)
Moreover, the Gross Laplaian ∆G is a onvolution operator on F(θ1,θ2)(N ′1×N ′2)
into itself, i. e., there exists a distribution T = (Tn,m)n,m∈N suh that
∆G(ϕ) = T ∗ ϕ, ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2), (3.9)
where the Taylor expansion of the distribution T is given by
Tn,m =
 τ1, n = 2, m = 0,τ2, n = 0, m = 2,
0, otherwise.
(3.10)
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Proof. Let ϕ(x1, x2) =
∑
n,m∈N
〈x⊗n1 ⊗x⊗m2 , ϕn,m〉 be a test funtion in F(θ1,θ2)(N ′1×
N ′2). So, for all (x1, x2), (y1, y2) ∈ N ′1×N ′2, the Taylor expansion of the funtion
ϕ(x1 + y1, x2 + y2) is given by
ϕ(x1 + y1, x2 + y2) =
∑
n,m∈N
〈(x1 + y1)⊗
n ⊗ (x2 + y2)⊗
m
, ϕn,m〉
=
∑
n,m,i,j∈N
(
n+ i
i
)(
m+ j
j
)
〈x⊗n1 ⊗ x⊗
m
2 , 〈y⊗i1 ⊗ y⊗j2 , ϕn+i,m+j〉i,j〉
= ϕ(x1, x2) +
∑
n,m∈N
〈x⊗n1 ⊗ x⊗
m
2 , 〈y1, (n+ 1)ϕn+1,m〉1,0 + 〈y2, (m+ 1)ϕn,m+1〉0,1〉
+
2∑
i,j=1
∑
n,m∈N
(
n+ i
i
)(
m+ j
j
)
〈x⊗n1 ⊗ x⊗
m
2 , 〈y⊗i1 ⊗ y⊗j2 , ϕn+i,m+j〉i,j〉+ ε(y1, y2),
(3.11)
where for eah (x1, x2) ∈ N ′1 ×N ′2, ε is given by
ε(y1, y2) =
∑
n,mi,j∈N
i,j≥3
(
n+ i
i
)(
m+ j
j
)
〈x⊗n1 ⊗x⊗
m
2 , 〈y⊗i1 ⊗y⊗j2 , ϕn+i,m+j〉i,j〉.
It is easy to see that the funtion ε satisfy
lim
t→0
ε (t(y1, y2))
t
= 0.
Identifying the equality (3.11) to the development (3.7), the seond derivative
of ϕ at (x1, x2) in the diretion (y1, y2) ∈ H is given by
D2ϕ(x1, x2) =
2∑
i,j=1
∑
n,m∈N
(
n+ i
i
)(
m+ j
j
)
〈x⊗n1 ⊗x⊗
m
2 , 〈y⊗i1 ⊗y⊗j2 , ϕn+i,m+j〉i,j〉.
Using Lemma 3.1, we have for all (x, y) ∈ N ′1 ×N ′2:
traceHD
2ϕ(x, y) =
∑
i,j∈N
〈D2ϕ(x, y)(e1i , e2j), e1i ⊗ e2j〉
=
∑
n,m,i,j∈N
〈x⊗n ⊗ y⊗m , (n+ 2)(n+ 1)〈(e1i )⊗2, ϕn+2,m〉2,0 + (m+ 2)(m+ 1)〈(e2j)⊗2, ϕn,m+2〉0,2〉
=
∑
n,m∈N
〈x⊗n ⊗ y⊗m , 〈((n+ 2)(n+ 1)τ1, ϕn+2,m〉2,0 + (m+ 2)(m+ 1)τ2, ϕn,m+2〉0,2)〉.
(3.12)
In the other hand, using Lemma 2.2 for the distribution T ∈ F∗(θ1,θ2)(N ′1 ×N ′2)
where the Taylor expansion is given in (3.10) and the equality (3.12), we obtain
T ∗ ϕ(x, y) =
∑
n,m∈N
〈x⊗n ⊗ y⊗m , 〈T2,0, ϕn+2,m〉2,0 + T0,2, ϕn,m+2〉0,2〉
=
∑
n,m∈N
〈x⊗n ⊗ y⊗m , 〈((n+ 2)(n+ 1)τ1, ϕn+2,m〉2,0 + (m+ 2)(m+ 1)τ2), ϕn,m+2〉0,2〉
= ∆Gϕ(x, y), (x, y) ∈ N ′1 ×N ′2, ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2).
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Sine the Gross Laplaian ∆G is a onvolution operator then
∆G ∈ L(F(θ1,θ2)(N ′1 ×N ′2),F(θ1,θ2)(N ′1 ×N ′2)).
Remark 3.1 Let ϕ ∈ F(θ1,θ2)(N ′1 × N ′2). Then, the Taylor expansion (3.8) of
∆G, an be written as follows
∆Gϕ = ∆
1
Gϕ+∆
2
Gϕ, (3.13)
where for i = 1, 2, ∆iGϕ is the Gross Laplaian with respet to the variable
ξi ∈ N ′i given by
∆1Gϕ(x1, x2) =
∑
n,m∈N
〈x⊗n1 ⊗ x⊗
m
2 , 〈(n+ 2)(n+ 1)τ1, ϕn+2,m〉〉
respetively,
∆2Gϕ(x1, x2) =
∑
n,m∈N
〈x⊗n1 ⊗ x⊗
m
2 , 〈(m+ 2)(m+ 1)τ1, ϕn,m+2〉〉.
Using the previous remark, it is easy to prove the following result.
Proposition 3.3 For ϕ = f ⊗ g ∈ Fθ1(N ′1)⊗Fθ2(N ′2) ⊂ F(θ1,θ2)(N ′1 ×N ′2), we
obtain
∆Gϕ = ∆G(f ⊗ g) = ∆G(f)⊗ g + f ⊗∆G(g).
Therefore, on the subspae Fθ1(N ′1) ⊗ Fθ2(N ′2) of F(θ1,θ2)(N ′1 ×N ′2), the Gross
Laplaian ∆G is given by
∆G = (∆G)|Fθ1 (N ′1) ⊗ I2 + I1 ⊗ (∆G)|Fθ2(N ′2),
where for i = 1, 2, (∆G)|Fθi (N
′
i
) (respetively Ii) is the lassial Gross Laplaian
(respetively the identity operator) ating on Fθi(N ′i).
Then, we obtain the following orollary:
Corollary 3.4 For all (ξ1, ξ2) ∈ N1 ×N2, we have
∆G(e(ξ1,ξ2)) = ∆G(eξ1 ⊗ eξ2) = (〈ξ1, ξ1〉1 + 〈ξ2, ξ2〉2)e(ξ1,ξ2). (3.14)
Proof. To prove the orollary, it is suient to see that for i = 1, 2, we have:
(∆G)|Fθi (N
′
i
)(eξi)(xi) =
∑
n∈N
〈x⊗ni , 〈τi, ξ⊗n+2i 〉2〉
= 〈ξi, ξi〉i
∑
n∈N
〈x⊗ni , , ξ⊗ni 〉
= 〈ξi, ξi〉ieξi(xi),
for all ξi ∈ Ni and xi ∈ N ′i . 
For i = 1, 2, we assume that the Young funtion θi satises the following
ondition:
lim sup
x→∞
θi(x)
x2
< +∞, (3.15)
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we obtain the following Gel'fand triple (see [5℄)
Fθi(N ′i)→ L2(X ′i, γi)→ F∗θi(N ′i), (3.16)
F(θ1,θ2)(N ′1 ×N ′2)→ L2(X ′1 ×X ′2, γ1 ⊗ γ2)→ F∗(θ1,θ2)(N ′1 ×N ′2), (3.17)
where γi is the Gaussian measure on the real Fréhet nulear spae X
′
i whose
omplexiation is Ni dened via the Bohner-Minlos theorem [7℄ by its har-
ateristi funtion: ∫
X′
i
ei〈x,ξi〉idγ(x) = e−
1
2
|ξi|
2
0 , ξi ∈ Xi. (3.18)
Using the Gel'fand triplet (3.17) and the fat that the Gross Laplaian is
a onvolution produt, we extend the Gross Laplaian on F∗(θ1,θ2)(N ′1 ×N ′2) as
follows:
Denition 3.1 The generalized Gross Laplaian ating on the distributions
spae F∗(θ1,θ2)(N ′1 ×N ′2) is dened by
∆G(Ψ) = T ∗Ψ, Ψ ∈ F∗(θ1θ2)(N ′1 ×N ′2). (3.19)
Proposition 3.5 The Gross Laplaian ∆G on F∗(θ1,θ2)(N ′1 ×N ′2) oinide with
the adjoint of the Gross Laplaian ∆∗G on the test funtions spae F(θ1,θ2)(N ′1×
N ′2).
Proof. For any Φ ∈ F∗(θ1,θ2)(N ′1 ×N ′2) and ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2), we have
〈〈∆GΦ, ϕ〉〉 = 〈〈T ∗ Φ, ϕ〉〉
= [(T ∗ Φ) ∗ ϕ](0) = [Φ ∗ (T ∗ ϕ)](0)
= 〈〈Φ, T ∗ ϕ〉〉 = 〈〈Φ,∆G(ϕ)〉〉
= 〈〈∆∗G(Φ), ϕ〉〉.
4 Quantum Gross Laplaian
From the nulearity of the spae Fθ1(N ′1), we have by Shwartz-Grothendiek
Kernel Theorem the following isomorphisms
L(Fθ1(N ′1),F∗θ2(N ′2)) ≃ F∗θ1(N ′1)⊗ˆF∗θ2(N ′2) ≃ F∗(θ1,θ2)(N ′1 ×N ′2). (4.1)
So, for every Ξ ∈ L(Fθ1(N ′1),F∗θ2(N ′2)), the assoiated kernel ΞK ∈ F∗(θ1,θ2)(N ′1×
N ′2) is dened by
〈〈Ξϕ, ψ〉〉 = 〈〈ΞK , ϕ⊗ ψ〉〉, ∀ϕ, ψ ∈ F(θ1,θ2)(N ′1 ×N ′2). (4.2)
In the sequel, we will identify every operator Ξ with its kernel ΞK .
For every Ξ ∈ L(Fθ1(N ′1),F∗θ2(N ′2)), the symbol is dened in the usual man-
ner (see [12, 13℄ ) by
σ(Ξ)(ξ1, ξ2) = 〈〈Ξeξ1 , eξ2〉〉 = 〈〈ΞK , e(ξ1,ξ2)〉〉 = L(ΞK)(ξ1, ξ2) (4.3)
where ξ1 ∈ N1, ξ2 ∈ N2. Then, every operator in L(Fθ1(N ′1),F∗θ2(N ′2)) is
uniquely determined by its symbol sine the exponential vetors eξ1⊗eξ2 span a
dense subspae of F(θ1,θ2)(N ′1 ×N ′2). As diret appliation of Theorem 2.1 and
the identiation (4.2) by the kernel theorem, we obtain the following hara-
terization of operators:
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Theorem 4.1 [3℄ The symbol map Ξ 7→ σ(Ξ) is a topologial isomorphism:
L(Fθ1(N ′1),F∗θ2(N ′2)) → G(θ∗1 ,θ∗2)(N1 ×N2).
Let Ξ1, Ξ2 ∈ L(Fθ(N ′),Fθ(N ′)), we dene the onvolution produt of Ξ1
and Ξ2 denoted by Ξ1 ∗ Ξ2 by
σ(Ξ1 ∗ Ξ2) = σ(Ξ1)σ(Ξ2). (4.4)
Using the topologial isomorphisms:
L(Fθ1(N ′1),F∗θ2(N ′2)) ∋ Ξ 7→ ΞK ∈ F∗(θ1,θ2)(N ′1 ×N ′2) (4.5)
dened in (4.1) and the extended Gross Lapalian given in (3.19), we an dene
the quantum Gross Laplaian as follows.
Denition 4.1 The quantum Gross Laplaian ∆QG is dened by:
∆QG(Ξ) = T ∗ ΞK , Ξ ∈ L(Fθ1(N ′1),F∗θ2(N ′2)), (4.6)
where T is dened by (3.10).
Proposition 4.2 For all Ξ ∈ L(Fθ1(N ′1),F∗θ2(N ′2)), the quantum Gross Lapla-
ian ∆QG has the following analyti haraterization:
σ(∆QG(Ξ))(ξ1, ξ2) = (〈ξ1, ξ1〉1 + 〈ξ2, ξ2〉2)σ(Ξ)(ξ1 , ξ2), (ξ1, ξ2) ∈ N1 ×N2. (4.7)
Proof. Using the property (4.4) of the symbol of the onvolution produt of
two operators and the denition (4.3), we have
σ(∆QG(Ξ)) = L(L ∗ ΞK) = L(T )L(ΞK) = L(T )σ(Ξ), Ξ ∈ L(Fθ1(N ′1),F∗θ2(N ′2)).
In the other hand, using the Taylor expansion of T , we obtain for all (ξ1, ξ2) ∈
N ′1 ×N ′2
L(T )(ξ1, ξ2) = 〈T2,0, ξ⊗21 〉1 + 〈T0,2, ξ⊗22 〉2
= 〈τ1, ξ⊗21 〉1 + 〈τ2, ξ⊗22 〉2
= 〈ξ1, ξ1〉1 + 〈ξ2, ξ2〉2.
This proves the proposition.
5 Relation between lassial and quantum Gross
Laplaian
In this setion, we onsider the partiular ase where θ1 = θ2 = θ and N =
N1 = N2. For simpliity, we use the same notation for the Gross Laplaian
ating on Fθ(N ′) and on F(θ1,θ2)(N ′1 ×N ′2). It is well known (see [5℄), that the
pointwise multipliation yields a ontinuous bilinear map from Fθ(N ′)×Fθ(N ′)
into Fθ(N ′), i. e., for all f, g ∈ Fθ(N ′), we have fg ∈ Fθ(N ′). Let Φ ∈ F∗θ (N ′)
xed andMΦ ∈ L(Fθ(N ′),F∗θ (N ′)) be the multipliation operator by Φ dened
by
〈〈MΦf, g〉〉 = 〈〈Φ, fg〉〉, f, g ∈ Fθ(N ′). (5.1)
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Let e0 = (1, 0, . . .) ∈ Fθ(N ′) be the vauum vetor. Using the denition (5.1),
we have the following onnetion between the multipliation operator and a
distribution given by
MΦe0 = Φ.
Therefore, we obtain the following relation between lassial and quantum Gross
Laplaian.
Proposition 5.1 For any Φ ∈ F∗θ (N ′), we have:(
∆QGMΦ
)
e0 = ∆GΦ. (5.2)
Proof. Let Φ ∈ F∗θ (N ′). Using the denitions of the Laplae transform (2.8)
and the multipliation operator (5.1), we have
σ(MΦ)(ξ, η) = 〈〈MΦeξ, eη〉〉
= 〈〈Φ, eξ+η〉〉
= L(Φ)(ξ + η), ξ, η ∈ N. (5.3)
In the other hand, the Laplae transform of the lassial Gross Lapalian is
given by
L(∆G(Φ))(η) = L(T ∗Φ)(η) = 〈η, η〉Φ̂(η), η ∈ N.
By Proposition 4.2 and the equality (5.3), we obtain
L(∆QG(MΦ)(e0))(η) = 〈〈∆QG(MΦ)(e0), eη〉〉
= 〈〈∆QGMΦ, e0 ⊗ eη〉〉
= σ(∆QG(MΦ))(0, η)
= 〈η, η〉σ(MΦ))(0, η)
= 〈η, η〉Φ̂(η)
= L(∆G(Φ))(η), η ∈ N.
Using the fat that the Laplae transform is an isomorphism, we have
∆QGMΦe0 = ∆GΦ, Φ ∈ F∗θ (N ′).
6 Solution of linear quantum stohasti dieren-
tial equations
Let I ⊂ R be an interval ontaining the origin. Consider a family {Φt; t ∈ I} of
distributions in F∗(θ1,θ2)(N ′1 ×N ′2) i. e., the funtion t 7→ Φt is ontinuous from
I into F∗(θ1,θ2)(N ′1 × N ′2). So, by using the isomorphism between F∗(θ1,θ2)(N ′1 ×
N ′2) and G(θ∗1 ,θ∗2)(N1 × N2) via the Laplae transform, the funtion t 7→ Φ̂t
is ontinuous from I into G(θ∗
1
,θ∗
2
)(N1 × N2). Then, for eah t ∈ I, the set
{Φ̂s; s ∈ [0, t]} is a ompat subset of the generalized spae G(θ∗
1
,θ∗
2
)(N1 × N2).
This implies that it is bounded in G(θ∗
1
,θ∗
2
)(N1×N2). Hene, there exist onstants
p, q ∈ N, a1, a2 > 0 and Ct > 0 suh that
|Φ̂t(ξ, η)| ≤ Cteθ
∗
1
(a1|ξ|p)+θ
∗
2
(a2|η|q)|, (ξ, η) ∈ N1 ×N2.
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By onsequene, the funtion (ξ, η) 7→ ∫ t
0
Φs(ξ, η)ds and belongs to the spae
G(θ∗
1
,θ∗
2
)(N1 × N2). This way we an dene the integral Et =
∫ t
0
Φs(ξ, η)ds as
the unique element of F∗(θ1,θ2)(N ′1 ×N ′2) satisfying(∫ t
0
Φs(ξ, η)ds
)b
=
∫ t
0
Φ̂s(ξ, η)ds, (ξ, η) ∈ N1 ×N2.
Moreover, for t ∈ I, the proess Et is dierentiable in Fθ(N ′×N ′)∗ and satises
the equation
∂Et
∂t
= Φt.
Proposition 6.1 For every distribution Φ ∈ F∗(θ1,θ2)(N ′1 ×N ′2), the funtional
e∗Φ is dened by
ê∗Φ = e
bΦ
(6.1)
belongs to F∗
((eθ
∗
1 )∗,(eθ
∗
2 )∗)
(N ′1 ×N ′2).
Proof. The proof is similar to the one of Theorem 1 established in the paper
[4℄. 
Consider the following initial value problem:{
dΞ(t)
dt
= Z(t) ∗ Ξ(t) + Θ(t)
Ξ(0) = Ξ0,
(6.2)
where t 7→ Z(t) and t 7→ Θ(t) are ontinuous map dened on an interval I into
L(Fθ1(N ′1),F∗θ2(N ′2)) and Ξ0 ∈ L(Fθ1(N ′1),F∗θ2(N ′2)).
Theorem 6.2 The stohasti quantum dierential equation (6.2) has a unique
solution in L(F(eθ∗1 )∗(N ′1),F∗(eθ∗2 )∗(N
′
2)) given by
Ξ(t) = Ξ0 ∗ e∗
R
t
0
Z(s)ds +
∫ t
0
e∗(
R
t
s
Z(u)du) ∗ΘKs ds. (6.3)
Proof. Applying the symbol map to the dierential equation (6.2), we obtain
an ordinary dierential equation given by{
dσ(Ξ)(t)
dt
= σ(Z)(t)σ(Ξ)(t) + σ(Θ)(t)
σ(Ξ)(0) = σ(Ξ0) ∈ F∗(θ1,θ2)(N ′1 ×N ′2),
(6.4)
whose solution is given by
σ(Ξ)(t) = σ(Ξ0)e
R
t
0
σ(Z)(s)ds +
∫ t
0
e
R
t
s
σ(Z)(u)duσ(Θ)(s)ds.
Moreover, by Proposition 6.1, σ(Ξ)(t) is an element of F∗
((eθ
∗
1 )
∗
,(eθ
∗
2 )
∗
)
(N ′1×N ′2),
for all t ∈ I. Using the property (4.4), the solution of the linear quantum
stohasti dierential equation is given by
Ξ(t) = Ξ0 ∗ e∗
R
t
0
Z(s)ds +
∫ t
0
e∗(
R
t
s
Z(u)du) ∗Θsds.
Now, by Theorem 4.1, we obtain that
Ξ(t) ∈ L(F(eθ∗1 )∗(N
′
1),F∗(eθ∗2 )∗(N
′
2)),
for all t ∈ I.
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6.1 Solution of quantum Gross heat equation
In this setion, we onsider two Young funtions θ1 and θ2, satisfying
lim
x→∞
θi(x)
x2
<∞, i = 1, 2.
Theorem 6.3 The quantum Gross heat equation{
dΞ(t)
dt
= 12∆
Q
GΞ(t) + Θ(t)
Ξ(0) = Ξ0,
(6.5)
has a unique solution in L(F(eθ∗1 )∗(N ′1),F∗(eθ∗2 )∗(N
′
2)) given by
Ξ(t) = Ξ0 ∗ e∗ t2T +
∫ t
0
e∗
t−s
2
T ∗Θ(s)ds. (6.6)
Proof. For all t ∈ I, let Z(t) = T , where T is the distribution given by (3.10).
Then, the equation (6.9) beomes the quantum Gross heat equation given by{
dΞ(t)
dt
= 12T ∗ Ξ(t) + Θ(t) = 12∆QGΞ(t) + Θ(t)
Ξ(0) = Ξ0.
(6.7)
Therefore, we apply Theorem 6.2 to get the unique solution in equation (6.9).
We an further rewrite this solution in another way. For t > 0, we dene
γt = γ
t
1 ⊗ γt2(.) = γ1 ⊗ γ2(./
√
t), where γ = γ1 ⊗ γ2 is the standard Gaussian
measure on the spae X ′ dened in (3.18). It follows that the solution (6.9) an
be expressed as
Ξ(t) = Ξ0 ∗ γ˜t +
∫ t
0
γ˜t−s ∗Θ(s)ds,
where γ˜ is a positive distribution in F∗(θ1,θ2)(N ′1 ×N ′2) given by
〈〈γ˜t, ϕ〉〉 =
∫
X′
1
×X′
2
ϕ(x1, x2)dγt(x1, x2) =
∫
X′
1
×X′
2
ϕ(
√
tx1,
√
tx2)dγ1(x1)dγ2(x2),
where ϕ ∈ F(θ1,θ2)(N ′1 ×N ′2). 
It is easy to see from the denitions of the kernel operator (4.2) and the onvo-
lution produt of the operators (4.4), that for all Ξ1,Ξ2 ∈ L(Fθ1(N ′1),F∗θ2(N ′2)),
we have
Ξ1 ∗ Ξ2 = ΞK1 ∗ ΞK2 .
Therefore ombining Theorem 6.3 for the partiular ase where Θ = 0 and the
Gel'fand triplet (3.17), we obtain the following result:
Corollary 6.4 Let Ξ0 ∈ F(θ1,θ2)(N ′1 × N ′2). Then, the quantum Gross heat
equation {
dΞt
dt
= 12∆
Q
GΞ(t)
Ξ(0) = Ξ0,
(6.8)
has a unique solution whose kernel is given by
ΞKt (y1, y2) =
∫
X1×X2
Ξ0(y1 +
√
tx1, y2 +
√
tx2)dγ1(x1)dγ2(x2). (6.9)
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